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An analysis of the response of an X-probe which takes into account the axial
sensitivity k, the effect of the w component of velocity and the effective rectifica-
tion by the hot wire is presented. Owing to rectification points in the measured
4, v ‘phase plane’ are confined within a certain sector, thus leading to distortions
in the measured joint probability density functions. Numerical computations
show that high turbulence intensities lead to large errors in second-order moments
measured by cross-wire probes; for instance, the error in the measured correlation
(over and above that due to k) can be as high as 289, when the turbulence
intensity is 35 9.

1. Introduction

It is well known that measurements of components of the turbulent stress
tensor in high intensity turbulent flows like free turbulent jets, mixing layers etc.
are very difficult and can lead to significant errors. This is usually thought of as
a consequence of truncating the series expansion of the hot-wire response

equation
E U;Sff = {U%ormal + k2 Unzzxial}%’ ( L. 1)

where Upy is the instantaneous effective cooling velocity, Unorma1 and Uyxia) are the
components of the velocity vector normal and parallel to the hot wire, respec-
tively, and k is the axial sensitivity of the hot wire. While Champagne, Sleicher &
Wehrmann (1967) have clearly demonstrated the dependence of k on the length-
to-diameter ratio !/d of the hot wire, in addition to determining its value as a
function of //d, Champagne & Sleicher (1967) have given the corrections (valid for
small turbulence intensities) to be applied to measurements owing to the influence
of k. An important source of error, however, is the resultant rectification of the
velocity signal by the hot wire, the hot wire being sensitive only to the magnitude
of the effective cooling velocity. Rectification occurs whenever the component of
velocity normal to the hot wire crosses zero. Although for a hot wire held normal
to the flow this will obviously happen only during flow reversals, this is not so for
cross-wires which are inclined to the flow. Since Uptt is always positive, the errors
due to rectification arise not because of truncation of the series expansion of the
right-hand side of (1.1), but because during signal processing the modulus sign
implicit on the right-hand side of (1.1) is ignored. Thus (1.1) should really be
written as Uptt = |{UZgrma1 + #2U%a1f2|. To see this more clearly consider a hot
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wire normal to the mean flow. Let u, v and w be the three components of the
instantaneous velocity vector. Then let

u=U+u, v=V+v, w=W+u,

where U, V and W are the mean velocities and «', v’ and w’ are the fluctuations.
If v = w = 0 and the hot wire is held normal to the u direction, then in general

Uett = {(U+w' 2R = |U+v'| £ U+,
ﬁeﬂ = |U+u,| 4: U;
(Uets — Uetr)? = (|U+u’|—]U+u’|)2=§=E’_2.

This rectification can be observed easily by studying the bounds of the phase
diagram generated by signals from two orthogonal hot wires (an X-probe).
Figures 1(a), (b) and (c) (plate 1) show the phase diagrams generated by an
X-probe at the centre-line, point of maximum shear and approximate half-
intermittency point in an axisymmetric jet 15 diameters downstream. The
co-ordinates in these figures are the linearized outputs from two hot wires held
at + 45° to themean flow direction. These photographs were obtained by operating
a d.c. coupled oscilloscope in the storage mode for about 3 min. As can be seen,
points in the phase plane are bounded by two straight lines. This boundary
shows that the linearized output voltage for one wire has reached a value
indicating that the flow is parallel to that wire (putting Usormar = 0 in (1.1) we
obtain Uy = kUyxia1); for the case k = 0, that voltage being zero, the angle
between the two straight-line boundaries will be 90°.

Obviously the information lost owing to rectification can never be recovered;
however, since the square of a rectified signal is identical to the square of the
signal itself, by using a single wire held at different angles and processing the
squared signals, sufficient information would be obtained so that certain moments
could be measured. This was partially done by Rodi (1971), though for a different
reason, namely to avoid the series expansion of the square root. Unfortunately,
however, he assumed V = 0in the formulation, which although V is usually very
small, can, as will be shown later, lead to large errors in the measured correlation
wv. Consider a hot wire in the «, v plane as shown in figure 2. Let « be the angle
between the normal (in the u, » plane) to the wire and the  axis. Then the effective
cooling velocity Uest is given by

U%; = [(U+w')cosa+ (V +2')sina]?+ w?

+ k¥ (uw' + U)sina—(V +2v") cos a]2. (1.2)
The so-called pitch factor b, which would have resulted in a term h%w? instead of
w? in the above equation, is assumed to be unity. This is because it can be very
sensitive to the prong and probe configuration, and since the later computations
involve numerical values one choice is as good as another. It is easy to see that
an average of (1.2) will result in six unknown moments: U, V, w2, 0% wkand u'v'.
Thus accurate measurement of these quantities without errors due to rectification

and truncation will require six choices of @ and solution of six simultaneous
equations.
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F1cUre 2. Definition sketch of hot wire in «, v plane.

Most of the %'’ correlation measurements published in the literature have been
made with an X-probe in the conventional way. Wygnanski & Fiedler (1969),
who made measurements in an axisymmetric jet, did not apply any corrections
resulting from higher-order terms. Although Heskestad (1965) did correct his
measurements by including higher-order terms, these involved assumptions
about the behaviour of higher-order moments. More important, however, these
corrections did not take rectification into account. Recently Eckelmann (1974)
has made measurements in the wall region of a turbulent channel flow, where
the turbulent intensity can be as high as 34 9,. He also neglected the effects of
rectification and higher-order terms. Thus there is motivation for finding the
order-of-magnitude of errors in such measurements due to the combined effects of
rectification and truncation. There is another important reason. Probability-
density-function (p.d.f.) measurements require instantaneous signals directly
proportional to the variables of interest. Although it is theoretically possible to
get, say,simultaneous instantaneous signals foruand v withoutthe effectsof recti-
ficationand distortion due to axial cooling and the presence of the w component,
this is not practical. It would require a special probe with seven hot wires, all
mounted at different angles. Treating U, w’, v = V +¢' and w as effective vari-
ables, (1.2) results in a linear equation in the following seven unknowns: U?, u'2,
w' U, v?, U, vu’ and w?; so u and v could in principle be obtained exactly using
a seven-wire probe. The prong and inter-wire interference would, of course, be
overwhelming in such a case. Thus the only recourse for measurement of the
joint p.d.f. of » and v or the marginal p.d.f. of v is a conventional X-probe.
It is therefore important to see how the joint p.d.f. surface in the u, v plane is
distorted owing to rectification, the effects of axial cooling and w, so that care
may be taken in interpreting the p.d.f. data.
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F16ure 3. Bounds in the ‘ phase diagram’ for signals from two orthogonal hot wires.

2. Analysis
2.1. The equations for bounds in the ‘ phase plane’ of an X-probe

It will be assumed throughout that linearized hot-wire anemometers are being
used; then there is a linear relationship between the linearizer voltage and the
effective cooling velocity.

Consider an X-probe with the two wires in the z, y plane and perpendicular to
each other. Choose the co-ordinate axes x and y along wires 1 and 2, respectively,
the z axis then being normal to the z, y plane. Let @,, @, and @, be the components
of the instantaneous velocity vector along the z, y and z axes. Then the effective
cooling velocities Upts(1) and Uers(2) for the two wires are given by

Uia(l) = Q5+ Q2 + K3Q2, (2.1)
Uin(2) = Q3+ Q2 +K3Q5.
Equations (2.1) and (2.2) can be rewritten as

Uga(1) = i Uga(2) + (1 — k%) (€2 + K3 Q5) + (1 — £3) @7, (2.3)
Uia(2) = B Usa(1) + (1 — k3) (@3 + K1 QF) + (1 — kD) Q3. (2.4)

Since k,, k, < 1, (2.3) and (2.4) imply that
Uett(1) 2 kyUets(2),  Uerr(2) = kyUers(1). (2.5)

From (2.1) and (2.2), we have
Uert(1), Uerr(2) > (2.6)

0.
The condition (2.6) restricts points in the Ues(1), Uesr(2) phase plane to the first
quadrant, whereas (2.5) restricts them to the sector shown in figure 3. The
included angle & of the sector is then given by
0 = {m—(tan—'k, + tan—1k,), (2.7

which is equal to 47 when k&, = k, = 0. Henceforth, for simplicity it will be
assumed that k; = k, = k.
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- The average value of § = 72° was determined from several photographs similar
to those in figure 1. This corresponds to k = 0-16 for our hot wires. This agrees
very well with the estimated value of 0-15 + 0-04 given by Champagne et al. (1967)
for our probe (I/d = 300): However, it should be noted that the k thus found need
not necessarily be the same as that determined from the results of Champagne
et al. Indeed, from (2.1)-(2.5) it is clear that a point in the phase diagram lies on
the bound only when the instantaneous velocity vector is along one of the hot
wires, which corresponds to an instantaneous yaw angle a = 90°. Considering k
to be a function of a, it is clear that the & used in (2.5) and (2.7) corresponds to
o = 3m. Although Champagne et al. have found no variation of k for
—60° < a < 60°, it obviously does not follow that it is a constant outside this
domain as well. Our preliminary rough measurements indicate that £(90°) and,
say, k(45°) can be very different. For two wires with different ratios 2/d (100 and
700), while the ratio of the &’s for & = 20° was found to be 2 it was almost unity
for & = 90°. Furthermore, k(90°) for the above two wires was approximately the
same as it was for I/d = 300. Thus it seems that k(90°) is insensitive to //d; so one
should not be surprised if the experimentally determined & doesnot correspond to
the k estimated from the results of Champagne et al. If £(90°) = %(45°), which our
results indicate to be true for wires with //d in the neighbourhood of 300, k can
be treated as a constant.

2.2. The evaluation of the ‘“measured’ joint p.d.f. and related moments

The method of analysis involves assuming a certain joint p.d.f. for the three
random variables , v and w and finding the transformed joint p.d.f. of u* and v*,
where u* and v* are the instantaneous velocities (corresponding to u and v,
respectively) measured by the X-probe.

For a = + 45°, we have from (1.2)

Uetr( = 45°) = Uie(1) = [(u+ )2+ 2002 + Ka(au— )28 24,
[Je"((l = — 450) = Ueﬂ(2) = [(u - ’U)2 + 2w+ k2(u + ’U)z]%/2%

The linearizer voltages E, and E, will then be directly proportional to Uset(1) and
Uef[(2). Thus

E, = 81[(u+v)2+2w2+k2(u—v)2]*/2*,} 2.8

E, = s,[(u—v)?+ 2w+ k3(u +v)?)/24. (2:8)
Assuming that the X-probe is calibrated in a laminar flow (' = v' = v’ = 0) in
the u direction (u = U, V = W = 0), as is usually the case, we have during
calibration

E, =s,U(1+k2)}28 (G =1,2)

So the slope of the calibration curve of the linearizer voltage vs. the component
of velocity normal to the hot wire is s(1 + k2)}. Then

where the * denotes the velocity inferred by the operator. Henceforth the super-
script * will denote the value of a variable measured by the hot-wire anemometer
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used in the conventional manner [neglecting rectification, ¥ and higher-order
terms in the series expansion of (2.8)]. This conventional technique, in fact,
amounts to neglecting w and assuming Ujg to be equal to the velocity component
normal to the hot wire. Neglecting k, W and second-order terms and assuming
V < U, it is easy to show that [(u +v)2+ 2w'?}} ~ u +v. From (2.8) and (2.9) we

then have
BUX (1) = u*+v* = [(u+0)+ 2w? + k¥u—v)2PB/(1 +k2)i,} 5 10
22U*(2) = u* —v* = [(u—v)%+ 2w+ k3(u + )2} /(1 + k2L, (2.10)

These equations then give us the transformation from the real (u, v, w) space to
the measured (u*, v*) plane.

Given F(u,v,w), the joint p.d.f. of the three velocity components, the problem
is to find the joint p.d.f. p(u*,v*). Consider the transformation

T=u+v, Yy=u—0, 2z=uw,
(2.11)

x* = u¥4o¥, y*F=ur—v*, 2*=2z
The absolute value of the Jacobian of the transformation being 2, the joint p.d.f.
flx,y,z) is given by
f(xsy: z) = §F{}(x +y), %(x—y): z}, (2.12)
and (2.10) become

* — 2 2)4 b
a* = (24222 + Byi[(1+ 1) } 2.13)

y* = (Y2 + 222 + k2?1 + k).
The relations (2.5) then become
x* > ky*, y* > ka*

For the transformation (x,y,z2)->(x*,y*,z) given by (2.13) the Jacobian J is
given by
J = xy(1 - k) [{x*y*(1 + k?)}.

For a given point (z*, y*, 2), (2.13) have four roots (z;, y;, ) (¢ = 1-4). The joint
p.d.f. P(x*, y*, z) is then given by

4 . .
P(x*, y*, z) = Ef——(x“y”z) (2.14)
=1 |
+ o (778
and gx*, y*) =f P(x*, y*,2)dz = P(x*, y*, 2)dz, (2.15)

where w, is a positive number such that for a given (x*, y*) equations (2.13) have
roots only in the domain —w, < z < w,. Obviously, if for a given point (x*, y*, z)
equations (2.13) have no roots, P(x*,y*,2z) = 0. To find w, rewrite (2.13) as

(1 —KkH a2+ 2(1 — k2)22 = (1 +k?) (x*2 - k2y*2),
(1—kY)y%+ 2(1 — k?)2% = (1 +k?) (y*2 — k2x*?),
which represent two orthogonal elliptic cylinders; w, is then clearly given by

w2 = min {(1 +k2) (@*2 — E2y*?)[[2(1 — k2)], (1 + k?) (%2~ K2*2)/[2(1 — k)],
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Transforming back to (u*,v*) gives p(u*,v*). Since u* = Hz*+y*) and
v* = L(x* —y*) the Jacobian is —}. Thus

pu*, v¥) = 2g(u* +v*, u*—v*). (2.16)

So, given F(u,v,w), (2.12)-(2.16) yield p(u*,v*). The various ‘measured’
moments and the marginal densities can then be calculated as

—

+ o [+
Pulu?) = f plut, o) do*,  pyv*) = f (e, v¥) du,

(u* = U*ym(p* — V*)n = ff+w(u*_ U*ym (v* — V*)n p(u*, v*) du* dvo*.

2.3. Computations

The computations were performed for the common case in which u'w’ = v'w’ = 0;
as is found, for instance, in two-dimensional and axisymmetric flows. Since W is
zero and V is usually very small in such flows, both were chosen to be zero. For
simplicity in the computations, it was also assumed that u, » and w were jointly
normal. Thus

1
) = P =
1 _U2 o w2 _
<o |~ g | o g -2t

where o,, 0, and o, are the standard deviations of «, v and w respectively and
p is the correlation coefficient of » and » [p = W/(O'u o,)]

An effectivet grid size of 80 x 160 was chosen in the w*, v* plane for computa-
tions; a grid twice as coarse gave results differing by less than 19%,. Because
F(u,v, w) was an exponential function, the integration in (2.15) was very time
consuming. With the present grid size the transformation F(u, v, w)— p(u*,v¥)
took about 25 min of CPU time on an IBM 370.

To calculate various integrals Simpson’s rule was used. The volume under
p(u*,v*) did not differ from unity by more than 0-005 in any run; it was however
normalized to unity after the computations.

The conventional ‘measured’ correlation between «’ and v’ is u*v*’, where
u* = U*+u* and v* = V*+o*. It can be corrected to some extent. Squaring
and subtracting equations (2.10) we have

(U*+u¥) (V*+0%) (14 1) = (U+0) (V +0) (1= R2),
taking the average of which gives
W' = U*V*(1 +k2)/(1 —k3) — UV +u*v* (1 + k2)/(1 — k?). (2.17)

Thus if the real mean transverse component V is zero, which will be the case at

the centre-line of an axisymmetric flow, %'v’ can be measured exactly using (2.17).

+ Taking advantage of the fact that the points in the u*, v* plane are bounded within
a sector of included angle &, the same information could be stored in an 80 x 80 matrix.
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However, that is not always the case. Applying the corrections for k suggested
by Champagne & Sleicher (1967), the corrected value of the correlation is equal to
the last term in (2.17). Thus the error in the conventional value of u'v’ is

—U*V*(L+E2)/(1 -k + U V. (2.18)

Therefore, if ¥V were neglected in the original formulation, as was done by Rodi
(1971), the error term would still be UV, which is at least of the same order as
(2.18). Since U and ¥V are not known, U* and V* are the best estimates for them.
Thus the corrected correlation is

(W), = 2RU*V*[(1— k) + w*v* (1 + k2)[(1 — k?). (2.19)

3. Results and discussion

Along the bounds z* = ky* and y* = kx* in the x*, y* phase plane, the proba-
bility density vanishes because w,, and hence the integral (2.15), is zero. An
examination of the equiprobability contours in figures 4(c) and () shows that
the probability density is quite small for points close to the bounds. This is the
reason why the bounds in figure 1 are not sharp, thus requiring several photo-
graphs to determine ¢ as mentioned in §2.1.

Because F(u,v,w) has been assumed joint normal, the actual isoprobability
contours in the «, v plane are a family of ellipses. Figure 4 (a) shows that for
o,/U = 0-2 the measured isoprobability contours show very little distortion.
Superposition of the actual isoprobability contours for this case revealed only
a small translation (to the right) and only a little compression. For higher
intensities of turbulence, however, as can be seen in figures 4 (b)-(d), the dis-
tortion is quite apparent. (Notice the sharp edge along »* = 0.) The ‘bounds’ as
defined in figure 3, when mapped into the u*, v* plane, become two vertical (i.e.
normal to the u*, v* plane) planes intersecting at the origin and symmetrically
placed about the u* axis at angles of + (}7 —tan—'%). Thus when the turbulence
intensity is increased the joint p.d.f. surface is squeezed and displaced to the
right owing to the constraints imposed by the two aforementioned planes. This,
however, is not the only reason for distortion since the sensitivity to the w com-
ponent of velocity plays an equally important role. For low turbulence
intensities, as can be seen from figure 5, the effect of the bounds is felt only by
the tails of the p.d.f.

In figures 6 (¢) and (b) the measured marginal densities of u* and v* (for the
case 0, /U = 0-5) are compared with the actual ones, which are normal. Their
skewness and flatness factors are plotted in figure 7 as functions of ,/U. It may
be noted that the measured skewness of u* and v* is always positivet rather than
having the real value of zero. Thus the distortions tend to increase (algebraically)
the skewness. Consequently, an observed (measured) negative skewness will be
a real feature of the flow being investigated.

t If p is negative, the skewness of v* is also negative. This becomes clear on noting that
the joint p.d.f. surface F(u, v, w) remains the same for this case (provided that ¥ = 0) if the
v axis is rotated through 7 rad.
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Further results of the computations are given in table 1 and figure 8. Since the
measured correlation u*'v* was corrected to («'v’), using (2.19) (which includes
the correction due to the sensitivity % described by Champagne & Sleicher 1967),
to first order the error in it should be insensitive to %. Furthermore, according to
Champagne & Sleicher (1967) there is no error in the measured value of o, (for
small turbulence intensities) due to the effect of k. This agrees with the results in
table 1, which show that the errors in o,. and W)c are not very sensitive to k.
Also, the difference between the errors in o, for the two cases k= 0 and 0-15
agrees fairly well with the correction given by Champagne & Sleicher. It should
now be emphasized that for (#'2"), and p*, which is equal to (w'0),f(0ys Tps), the
errors given in various tables and figures are over and above the errors described
by Champagne & Sleicher. Table 1 also shows that the errors in various moments
are not very sensitive to the correlation coefficient p. A few computations done
for p = 0-9and 0-1 support this contention. For turbulence intensities below 20 9,
the errors are reasonably small but above 30 %, they can be large, especially for
(u'v"),. As a rule, the mean velocity is always overestimated and all the second-
order moments are underestimated. Consequently, any second-order moment
non-dimensionalized with the local mean velocity will show an even greater error.
The error in 0. is almost twice that for o,.. Because both o,. and 0. are under-
estimated, the error in p* is less than that for (u'v'),.

To find out the relative importance of rectification and the w component of
velocity, computations were carried out for the case of pure rectification
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(k W= o,, = 0). The results, together with some of those from table 1, are shown
in table 2. As expected, for low turbulence intensities the errors due to rectifica-
tion are small; for higher intensities, however, they become comparable to those
due to the w component. The errors in (u'v"),/U*2 due to these two causes become
almost the same for o o,/U ~ 0-4. Thus the importance of rectification is quite
clear, and it should be noted at this point that the errors due to these two effects
are of the same sign and augment each other.

Because rectification will occur earlier with an inclined wire compared with
a single wire held normal to the mean flow, the error in o, as measured by a single
wire should be less. This is indeed so, as can be seen from the results shown in
table 3 for the case k = 0.
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9 error 9 error % error % error % error
in U* ino,.U* in o,./U* in (w'v")JU*2 in p*
f—'Aﬁ 2 A N 7 A_ﬁ f—_A-ﬁ f'_"L——\
o, JU 1 2 1 2 1 2 1 2 1 2

o2 26 00 -~38 —-01 —-54 —-00 -—-114 -03 =27 -0-2
03 63 02 -95 -15 —129 -14 -294 —-80 -—-104 -—53
04 120 1-2 —176 —6-1 —226 —56 —494 —~254 -206 -—158
05 195 36 —261 —129 —32-3 —-~11-8 —642 —42-1 —-285 —24-6

TaBLE 2. Relative importance of rectification and the w component of velocity. Case 1:
k=0,0,=0,= 080, errors due to combined effects of rectification and sensitivity to
w component. Case 2: pure rectification, ¥ = W =¢, =0, o, = 0-80,, p = 0-3.

9% error 9% error % error
a,]U in U* in g,.JU* in o,
0-1 0-32 —0-56 —0-24
0-2 1-3 —-22 —0-95
0-3 3-0 -53 —24
0-4 57 ~10-3 —51
05 9-6 —16'8 —-88

TaBLE 3. Errors in measurements with a single wire in the u, v plane held normal to the
u direction. W = 0, w'w’ = 0,0, = 0-80,, k = 0.

It should be remembered that the above errors were calculated assuming an
initial joint normal p.d.f. in %, », w space and the actual errors in measurement
would depend upon the p.d.f. in the flow under investigation. If the actual joint
p.d.f. in the flow were skewed in the proper direction, it is possible that the com-
puted errors (for the same o,/U) could be less. Therefore, to estimate the errors
in the intermittent region of the flow a weighted (with the intermittency factor)
sum of the turbulence intensities in the turbulent and non-turbulent regions
should be used. Since the inverse transformation p(u*, v¥)— F(u, v, w) is multi-
valued, it is not possible to find the actual p.d.f. and moments given the measured
ones. Nevertheless, the analysis provides an estimate of the errors involved.

4. Concluding remarks

In high intensity turbulent flows, the axial sensitivity &, the sensitivity to the
w component of velocity and rectification are the three sources of errors in con-
ventional measurements with cross-wires. Champagne & Sleicher (1967) have
demonstrated that the error in second-order moments due to & is negative. It has
been shown here that the errors due to the other two causes (independently) are
of the same sign. The sensitivity to the w component of velocity and rectification
severely distort the joint p.d.f. surface (in the u*, »* plane), which is confined
within a certain sector. Thus care is needed in interpreting the p.d.f. data
measured in high intensity turbulent flows. For turbulence intensities greater
than 30 %, an X -probe can lead to results with significantly large errors, the error
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in (w'v' )e being 28 %, (over and above the error due to the influence of & given by
Champagne & Sleicher) when the turbulence intensity is 359%,.
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Frcune 1. Phase diagrams for linearized signals from two orthogonal hot wires (placed at
+45° to the longitudinal direction) in an axisymmetric turbulent jet of air 15 diamcters
downstreamn. (a) Approximatoly at the centre-line of the jet; o,./U* = 021, ¢,../U* = 0-17,
p*=—=008. (b) Point of maximum shear rfry = 0-73; 0.JU* =0-32, 0,[/U* = 0-22
p* = 0-34. (¢) Intermittency factor & 0-6; 0,./U* = 0-59, 0,..J]U* = 0-20. p* = 0-29.
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